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Orbital Maneuvering with Electrodynamic Tethers
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The general perturbation equations are used to develop a guidance algorithm for electrodynamic tethers. The
current in the tether is controlled to obtain an arbitrary orbit change for low Earth satellites. The tether is assumed
to be perfectly aligned with the local vertical, and tether � exibility is neglected. Several numerical examples are
simulated that demonstrate the ability of the guidance to maneuver the vehicle accurately. The guidance scheme is
suitable for preliminary assessment of the feasibility and desirability of orbital maneuvering with electrodynamic
tethers. The algorithm is also suf� ciently robust for potential use onboard an operational vehicle.

Introduction

E LECTRODYNAMIC tethers can be used as a fuel ef� cient
means to propel spacecraft. Current induced in a conductive

tether will interact with the Earth’s magnetic � eld to produce a
force that can change the spacecraft’s orbit as shown in Fig. 1. This
enablesorbitalmaneuversthatuse electricalenergywithout expend-
ing propellant.For a hollow cathodeplasma contactor (the interface
between the current in the tether and the ambient plasma), there is
some use of expendablegas to facilitateion collectionand emission,
but the mass of this gas is minimal compared to the propellant of
more traditional propulsion systems. Furthermore, it may be pos-
sible to use � eld emitter array cathodes, which do not require any
expendables.1;2

The nearly propellantlessnature of maneuvering with electrody-
namics tethers could potentially enable new ways of operating in
space. Some of these possibilities could be achieved in the near
term. For example, techniques for boost and reentry of spacecraft
has been developed by several researchers2¡8 and will be demon-
strated in the NASA ProSEDS mission. Other applications are also
beingconsideredand could reap tremendousbene� t. For example, a
satellite servicing vehicle could rendezvouswith multiple satellites
in different orbits to transfer fuel or replace components to extend
the lifetime of expensive space assets. An orbital tug could change
the orbits of low-Earth-orbit (LEO) satellites.9 A space surveillance
satellite could obtain intelligence on foreign space assets and even
perform counterspacemissions if necessary.

There are two practical disadvantages to electrodynamic tethers.
The � rst is that the ionosphere density is not suf� cient for maneu-
vering out beyondLEO. Second, for practicalcurrents, for example,
a few amperes, the achievable thrust is low, and maneuvers can take
many weeks to realize. Therefore, it is necessary to make an elec-
trodynamic tether as autonomousas possible.When human support
is limited for these long-duration operations, the electrodynamic
tether concept can be made more cost effective.

This paper provides the guidance equations for the tether cur-
rent to effect a desired change in orbital elements. The guidance
is capable of simultaneously changing the orbit size, shape, and
plane, that is, semimajor axis,eccentricity,inclination,line of nodes,
and argument of perigee. These guidance laws could be used in
a mission planner to perform trade studies and to evaluate the
performance of a given electrodynamic tether design. The guid-
ance laws may be suitable for onboard implementation as well,
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although they do not necessarily yield the minimum time orbit
transfer.

Perturbation Equations
The general perturbation equations governing the evolution of

the orbital elements are very useful for determining the form of the
guidance law. The force on the spacecraft due to the interaction of
the current in the tether, I, and the Earth’s magnetic � eld B is10

F D LI £ B (1)

where L is the length of the tether. The tether is assumed to remain
perfectly aligned with the local vertical. In actual operation, elec-
trodynamic forces normal to the tether and orbit–attitude coupling
due to nonvanishingeccentricity will cause oscillations away from
the local vertical. These oscillations (and the current modulation
necessary to control them) will tend to decrease the performanceof
the tether. Therefore, the results in this paper are ideal. However,
one promising study indicates that introducing tether damping via
a “dashpot” can reduce in-planeand out-of-planelibrationswithout
signi� cantly decreasing the electrodynamic tether performance.11

For the vertical tether, the vector for the current is

I D I .r=r/ D I Oer (2)

where r is the position vector to the spacecraft from the center of
the Earth, so that a positive current is away from the Earth. The
magnetic � eld is assumed to be a tilted dipole, with the middle of
the Earth as its center10:

B D
¡
¹m

¯
r 3

¢
[ Oem ¡ 3. Oem ¢ Oer / Oer ] (3)

where ¹m is the magnetic moment of the Earth’s dipole (8 £
106 T ¢ km3) and Oem is the axis of the dipole. The dipole is as-
sumed to be � xed in inertial space. This is equivalent to neglecting
the tilt of the dipole, which will again yield ideal results. A better
magnetic � eld model should be used for more re� ned trade studies
or an actual onboard system.

For convenience, a modi� ed orbital element set is used, where
inclination i and the argument of the ascending node, Ä, are mea-
sured with respect to the magnetic equatorial plane instead of the
geographic equatorial plane. Then the axis of the magnetic dipole
can be expressed in the orbital frame as

Oem D ¡sin.! C º/ sin i Oer ¡ cos.! C º/ sin i Oeµ ¡ cos i Oew (4)

where º is true anomaly and ! is the argument of periapsis. As
shown in Fig. 1, the basis vector Oer is a unit vector along the radial
line from the center of the Earth to the tether center of mass, Oew is
normal to the orbit plane, and Oeµ completes the triad.

Substituting Eqs. (2–4) into Eq. (1), the force induced from a
current in the tether is

F D
¡
L I ¹m

¯
r 3

¢
[cos i Oeµ ¡ cos.! C º/ sin i Oew] (5)
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Fig. 1 Electrodynamic tether concept.

Some observations can be made immediately. There is no radial
component because the force is perpendicular to the current. Also,
because the force is perpendicular to the magnetic � eld lines, out-
of-plane forces cannot be attained when the orbit is coplanar with
the magnetic equator, i D 0 deg, and in-plane forces cannot be at-
tained when the orbit is polar with respect to the magnetic � eld, i D
90 deg.

Substituting the components of the tether force into the general
perturbationequations12 gives the equationsgoverningtheevolution
of the orbital elements for a known current:

da

dt
D 2a

p
1 ¡ e2

nmr4
L I¹m cos i

de

dt
D

p
1 ¡ e2

nma2er4
L I ¹m [a2.1 ¡ e2/ ¡ r 2] cos i

d!

dt
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p
a.1 ¡ e2/

me
p

¹r 3
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³
1 C 1

1 C e cos º

´

C
1

nma2
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di

dt
D ¡ 1

nma2
p

1 ¡ e2r 2
L I ¹m cos2.º C !/ sin i

dÄ

dt
D ¡ 1

nma2
p

1 ¡ e2r 2
L I¹m sin.º C !/ cos.º C !/ (6)

where n is the mean motion and m is the total system mass.
The guidanceschemedevelopedheredoesnot controlthephaseof

the orbit, for example, true anomaly.This parameter is very sensitive
to errors in semimajor axis, so controlling it with the � rst-order
equationsto be developedis not reasonable.If this guidancescheme
were used in actual rendezvousoperations,a segment of the mission
would need to be designated to match the phase.

Equations (6) become ill conditionedfor eccentricitiesapproach-
ing zero. To investigatethese cases, a differentset of variables, such
as the equinoctial elements, would be more suitable.13

The distance to the spacecraft is a function of the osculating
elements:

r D
a.1 ¡ e2/

1 C e cos º
(7)

Substituting this equation into Eqs. (6) and expanding the expres-
sions in terms of eccetricity yields

da

dt
D 2L¹m cos i

nma3
I [1 C 4e cos º C O.e2/]

de

dt
D

L¹m cos i

nma4
I [2 cosº C 5e cos2 º C e C O.e2/]

d!
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D
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I
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e
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di
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D ¡

L¹m sin i

nma4
I cos2.º C !/[1 C 2e cos º C O.e2/]
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L¹m

nma4
I cos.º C !/ sin.º C !/[1 C 2e cos º C O.e2/] (8)

The higher-order terms in eccentricity will be neglected because
this parameter is small for the LEO maneuvers applicable to this
concept.

These equations can be integrated for a particular current to de-
termine changes in the orbital elements. The form of the current law
is determined next.

Current Law
To achieve a desired change in the orbital elements the current

in the tether is modulated as the electrodynamic tether orbits the
Earth. The � rst task in developing the current law is to � nd a form
that will yield secular changes in the orbital elements. This is done
by analyzing the general perturbation equations in Eqs. (8) and
determining the current that will yield an integral with a secular
term. As a � rst-order approximation, the orbital elements a, e, i , Ä,
and ! on the right-hand side of Eqs. (8) will be assumed constant
for the integration. Therefore, the changes in the orbital elements
are given by

1a ¼ 2L¹m cos i

nma3

Z t f

to

I .1 C 4e cos º/ dt

1e ¼
L¹m cos i

nma4

Z t f

to

I .2 cosº C 5e cos2 º C e/ dt

1! ¼
L¹m cos i

nma4

Z t f

to

I f2 sin º=e C 5 cos º sin º

C cos.º C !/ sin.º C !/ C 2e cos º[cos º

C cos.º C !/ sin.º C !/]g dt

1i ¼ ¡
L¹m sin i

nma4

Z t f

to

I cos2.º C !/.1 C 2e cos º/ dt

1Ä ¼ ¡
L¹m

nma4

Z t f

to

I cos.º C !/ sin.º C !/.1 C 2e cos º/ dt (9)

The expressionfor semimajor axis is the only one with a constant
in the integral. Therefore, applying a positive constant current to
the tether results in a change in semimajor axis that increases lin-
early with time. The second term in the integral will average out
after each orbit and not signi� cantly contribute to the behavior of
the semimajor axis. Similarly, for the integral for eccentricity, if a
current law of

I D cosº (10)

is adopted, then we have a cos2 º term in the integral for 1e. This
term integrates to yield a secular change in eccentricity.Proceeding
in this fashion, current laws can be found that provide a secular
change in each of the orbital elements. The currents and their cor-
responding orbital elements are given in Table 1.

These relationshipsagreewith thosedeterminedbyCarroll14 (also
see Ref. 15). These references do not mention, however, that, in
addition to these effects, there is some couplingbetween the various
current laws and the orbital elements. For example, a dc current
primarily affects semimajor axis, but the cos2.º C !/ term in the
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Table 1 Current laws and corresponding orbital elements

Current lawa Orbital element

DC Semimajor axis
Cos º Eccentricity
Sin º Argument of perigee
Cos[2.º C !/] Inclination
Sin[2.º C !/] Line of nodes

aCurrent laws providesecular changein these correspondingorbital elements.

inclination equation in Eq. (9) also produces a secular effect. This
coupling is observed in Ref. 4 and will be treated in the next section.

To complete the development of the current law, a superposition
principle is assumed. That is, a linear combination of the � ve inde-
pendent laws described earlier is employed to attain any desired set
of the � ve independentorbital elements. Thus, the � nal form of the
current law is

I D X1 C X2 cos º C X3 sin º C X4 cos[2.º C !/]

C X5 sin[2.º C !/] (11)

where the X i are coef� cients that will be calculatedto maneuver the
vehicle to the � nal desired orbit.

Guidance Scheme
The guidance algorithm must determine the values of the X i co-

ef� cients of the current law that produce the desired change in the
orbital elements. The secular changes in the orbital elements are
found by substituting the current law from Eq. (11) into Eqs. (9)
and taking an averaged integral over one period of the orbit. This
method eliminates the periodic effects. To perform these integrals,
the independentvariable is changedfrom time to true anomalyusing
the expression

dt D r 2=h dº (12)

Expanding this expressionout and neglectingterms of e2 and higher
yields

dt D [.1 ¡ 2e cos º/=n] dº (13)

Letting¢ D [1a 1e 1! 1i 1Ä]T and X D [X1 X2 X3 X4 X5]T

and performing the necessary integrals provides a system of equa-
tions that is linear in the unknown X i ,

[A]tX D ¢ (14)

where the elements of the constant matrix A are listed in the
Appendix.The equation is linear with respect to time due to averag-
ing over an orbital period. The Aii diagonal terms are the dominant
terms because most of the off-diagonal terms are multiplied by ec-
centricity.The off-diagonalterms representthe couplingmentioned
earlier between the different terms of the control law and the orbital
elements.

Given a desired change in orbital elements, ¢, and the time of
� ight of the maneuver (TOF), Eq. (14) can be solved to determine
the current law coef� cients,

X D .1=TOF/[A¡1]¢ (15)

If the duration of the maneuver is too short, however, the maximum
current Imax will exceed the onboard power capacity of the system,
Iavail . To rectify this problem, the duration of the maneuver is al-
tered to enforce the constraint on the maximum current. Because
the change in orbital elements is linearly dependent on the TOF, the
current can be scaled down by a constant factor and the TOF scaled
up by the inverse of that same factor with the � nal orbit remaining
unchanged (to � rst order). Thus, when

Xnew D Xold.Iavail=Imax/; TOFnew D TOFold.Imax=Iavail/ (16)

the current constraint is enforced while satisfying Eq. (15), that is,
obtaining the same change in the orbital elements.

Fig. 2 Guidance scheme.

There are three options for computing Imax. A numerical sim-
ulation would provide a precise answer, but it is computationally
cumbersome. Analytical derivatives of the current expression with
respect to true anomaly and argument of periapsiscan be set to zero
and solved, but this leads to a nonlinear system of equations that
must be solved numerically, which is not suf� ciently robust for the
intent of this study. Therefore, a crude method is used in which the
current is enumerated for a 360-deg range of true anomaly and a
range of argument of periapsis from ! to ! C 1!.

The available current Iavail is assumed to be a constant dependent
on the spacecraft.This quantityis the maximumcurrentthat is being
forced throughthe tetherby the spacecraft(as opposedto the emf re-
sulting from the spacecraftmotion), and so it is primarily a function
of the onboard power system. However, in reality, this value will
vary dependingon a number of factors that are not consideredhere,
such as the plasma density and duty scheduling of the spacecraft.

For maneuvers with a large change in the orbital elements, the
� rst-order assumption that the orbital elements are constant for the
integrationof Eqs. (8) is not valid. Unfortunately,very accurate so-
lutions of these integrals would need to be numerical, which would
then make it impossible to develop analytic expressionsto calculate
the coef� cients of the current law. Because the aim of this work is to
produce a computationally ef� cient and robust design for concept
exploration,a simpler approachis taken.To improve the accuracyof
the guidance scheme, the maneuver can be broken into several seg-
ments. By the recalculation of the current law several times during
the maneuver, the guidancescheme has an opportunityto correct for
the errors introducedby the inexact integrals. The guidancescheme
employed is summarized in Fig. 2.

Results
A numerical simulation is used to validate the guidance scheme

for arbitrary orbit maneuvers in LEO. The equation of motion for
the electrodynamic tether system is

Rr D ¡.¹=r 3/r C .1=m/F (17)

where r is the position of the spacecraft system center of mass
with respect to the center of the Earth, F is the perturbing force
due to the electrodynamics [Eq. (5)], and m is the total system
mass. The corresponding scalar equations of motion are integrated
using a Runge–Kutta 5/6 variable step integration with a tolerance
of 1 £ 10¡10 .
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For the examples to follow, the mass of the electrodynamic teth-
ered vehicle is 1000 kg, with a maximum currentof 5 A and a tether
length of 15 km (Ref. 2).

Orbit Raising
The � rst example demonstratesan increase in the semimajor axis

of a LEO satellite at an inclination of 30 deg with respect to the
geomagneticequator.The orbit is nearlycircularwith an eccentricity
of 0.02, a semimajor axis of 6878 km, and an argumentof perigeeof
30 deg. The results are invariant with respect to the initial longitude
of the ascending node. The desired changes in the orbital elements
are

1a D 200 km; 1e D 1! D 1i D 1Ä D 0 (18)

To achieve this maneuver, the current law and TOF are

I D 1:65 ¡ 0:04 cos º ¡ 0:02 sin º ¡ 3:31 cos[2.º C !/]

C 0 sin[2.º C !/]

TOF D 58 h 10 min (19)

As expected, the dc current is signi� cant to induce a change in orbit
energy. However, the dc current also causes a signi� cant change in
inclination because the A41 term of Eq. (14) is large. To keep the
inclinationconstant, the cos[2.º C !/] term must, therefore,also be
large, as shown in Eq. (19). The other two nonzero terms are needed
to offset small off-diagonal terms of the A matrix.

Performing the simulation for this current law leads to the results
shown in Figs. 3–5. The semimajor axis exhibits the desired lin-
ear increase, whereas the other variables exhibit negligible secular
behavior. The current shows the 1.65 A dc offset with a 3.3-A si-
nusoidal oscillation. The period of the oscillation is approximately
half the orbital period, so that this oscillation cycles through many
oscillations in Fig. 4. A closeup of the � rst two orbits is shown in
Fig. 5. These plots illustrate the potential dif� culty in numerically
optimizing the trajectory for electrodynamicmaneuvers.To capture
the rapidly changing control, many parameter optimization tech-
niques would require thousands of degrees of freedom to capture
the salient behavior.

Fig. 3 Orbit raising example.

Fig. 4 Tether current to raise orbit.

Fig. 5 Closeup of Fig. 4.
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The error in the � nal orbital elements for the orbit raising is

1aerr D ¡3:88 km; 1eerr D 0:0001; 1!err D 0:13 deg

1ierr D ¡0:0005 deg; 1Äerr D ¡0:002 deg (20)

These errors have two sources. The � rst is the periodic nature of
the disturbances. For this example, the short-period amplitudes of
the � ve variables in Fig. 3 are 1 km, 0.0002, 0.5 deg, 0.001 deg,
and 0.001 deg, respectively. Because the guidance equations only
account for the secularbehavior,errors below these amplitudescan-
not be entirely eliminated. The second error source is the assump-
tion that the orbital elements on the right-hand side of Eqs. (8) are
constant. As the electrodynamic tether force changes the orbit, the
secular change that a given law produces [according to Eq. (14)]
will change.For the preceding example, the slope of the semimajor
axis at the start of the maneuver is 3.4 km/h, whereas the slope at
the end of the maneuver is 3.3 km/h. Because the maneuver time is
based on the initial secular rates of change of the variables, errors
are introduced. In this example, the semimajor axis falls short of
the target because the rate of change drops as the semimajor axis
increases.

This second error source can be reduced if the guidance is em-
ployed in several phases, as shown in Fig. 2. Each phase has a new
guidance law that is calculated based on an updated set of orbital
elements. The same orbit raising maneuver was simulated with � ve
separatecalculationsof thecurrentlaw spacedout roughly12h apart
during the maneuver. The plots of the semimajor axis and current
are similar to Figs. 3 and 4, but the � nal errors are improved:

1aerr D ¡0:24 km; 1eerr D 0; 1!err D 0:05 deg

1ierr D 0:0005 deg; 1Äerr D ¡0:0004 deg (21)

Although the errors are much smaller, they do not asymptotically
approachzero as the number of guidancecorrectionsgets large.The
inaccuracyresults from neglectingthe periodic effects in the orbital
elements.

Inclination Change
The next scenario demonstrates a decrease in the orbital inclina-

tion for the same LEO satellite considered in the earlier example.

Fig. 6 Inclination change example.

The desired changes in the orbital elements are

1i D ¡5 deg; 1a D 1e D 1! D 1Ä D 0 (22)

The current law and TOF are

I D 0 ¡ 0:01 cos º C 0:02 sin º C 4:98 cos[2.º C !/]

C 0 sin[2.º C !/]

TOF D 803 h 32 min (23)

The maneuver duration is quite long because the electromagnetic
tethercan only generateforcesperpendicularto the Earth’s magnetic
� eld lines. Therefore, for this case, the component of the electro-
magnetic force perpendicular to the orbit plane is relatively small.
As a general principle, changes in the orbit inclination and line
of nodes can be most effectively performed at higher inclinations;
changesin orbital energyand eccentricityare most effectiveat lower
inclinations.

The errors in the � nal orbital elements for the inclination change
are signi� cant for semimajor axis and inclination;the periapsiserror
is small compared to its periodic amplitude:

1aerr D ¡0:77 km; 1eerr D ¡0:0003; 1!err D 0:11 deg

1ierr D 0:36 deg; 1Äerr D 0:002 deg (24)

The case was also simulated for � ve corrections in the guidance
law over the duration of the maneuver. The � nal orbit is closer to
the desired state (particularly in the variable that is being changed,
inclination):

1aerr D 0:54 km; 1eerr D 0; 1!err D ¡0:16 deg

1ierr D 0:02 deg; 1Äerr D 0:0003 deg (25)

The orbital elements for this simulation are plotted in Fig. 6.

General Orbit Change
The electrodynamic tether achieves a simultaneouschange in all

of the orbital elements for this � nal example, validating the su-
perposition rule assumed in Eq. (11). The electrodynamic tether is
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initiallycoorbitalwith the Landsat-4satelliteand will transfer to the
Landsat-5 satellite. (Suppose, for example, that both had a � awed
sensor that needed to be replaced.) The initial orbit is‡

a0 D 6961 km; e0 D 0:001; !0 D 4:7 deg

i0 D 98:2 deg; Ä0 D 90:4 deg (26)

To rendezvous with Landsat-5, the electrodynamic tether system
must perform the following orbital maneuvers:

1a D 120 km; 1e D ¡0:0001; 1! D 29:3 deg

1i D ¡0:06 deg; 1Ä D ¡8:9 deg (27)

To effect these changes simultaneously, current law and TOF are

I D ¡0:43 C 0 cosº ¡ 0:03 sin º C 0:90cos[2.º C !/]

C 4:45 sin[2.º C !/]

TOF D 825 h 2 min (28)

The largest term in the current law is the sin[2.º C !/] component,
which is responsible for the change in the line of nodes. This plane
change is large, resulting in a long TOF.

A simulationwith � ve segments in the guidance scheme success-
fully achieves the desiredorbitwith the followingerrors for the � nal
elements:

1aerr D 0:28 km; 1eerr D 0; 1!err D 1:2 deg

1ierr D ¡0:002 deg; 1Äerr D ¡0:003 deg (29)

Conclusions
The developed guidance algorithm is capable of performing any

LEO transfer given a suf� ciently long maneuver time. The trajec-
tories generated by this guidance scheme are not optimal. The goal
for this study was to keep the calculationssimple and computation-
ally reasonable to implement in an onboard system or to generate
rapidly many trajectories for concept exploration. There is no iter-
ative calculation requiring convergence or numerical simulation in
the guidance equations.However, the guidance scheme can be split
into multiple segments to improve its accuracy in reaching the � nal
orbit.

Appendix: Elements of Constant Matrix A

A11 D 8Ca cos i; A12 D 8Cae cos i

A13 D 0; A14 D 0; A15 D 0

A21 D 6Ce cos i; A22 D 4C cos i; A23 D 0

A24 D Ce cos i cos.2!/; A25 D Ce cos i sin.2!/

A31 D 4Ce cos i; A32 D 0; A33 D 4C cos i=e

‡Data available online from Kelso, T. S., “Celestrak,” at http://www.
celestrak.com/ [cited 7 August 2003].

A34 D ¡C cos i sin.2!/; A35 D C cos i [cos.2!/ C 1]

A41 D ¡2C sin i; A42 D 0; A43 D 0

A44 D ¡C sin i; A45 D 0

A51 D 0; A52 D 0; A53 D 0

A54 D 0; A55 D ¡C

where the constant C is

C D
L¹m

4mna4
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